Introduction {#Sec1}
============

A *geometrical closure* is an operation on formal languages introduced recently by Dubernard, Guaiana, and Mignot \[[@CR8]\]. It is defined as follows: Take any language *L* over some *k*-letter alphabet and consider the set called the *figure* of *L* in \[[@CR8]\], which consists of all elements of $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathbb {N}^k$$\end{document}$ corresponding to Parikh vectors of prefixes of words from *L*. The *geometrical closure* of *L* is the language $\documentclass[12pt]{minimal}
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                \begin{document}$$\gamma (L)$$\end{document}$ of all words *w* such that the Parikh vectors of all the prefixes of *w* lie in the figure of *L*. This closure operator was inspired by the previous works of Blanpain, Champarnaud, and Dubernard \[[@CR4]\] and Béal et al. \[[@CR3]\], in which *geometrical languages* are studied -- using the terminology from later paper \[[@CR8]\], these can be described as languages whose prefix closure is equal to their geometrical closure. Note that this terminology was motivated by the fact that a geometrical language is completely determined by its (geometrical) figure. In the particular case of binary alphabets, these (geometrical) figures were illustrated by plane diagrams in \[[@CR8]\].

The class of all regular languages can be easily observed not to be geometrically closed -- that is, one can find a regular language such that its geometrical closure is not regular \[[@CR8]\] (see also the end of Sect. [2](#Sec2){ref-type="sec"}). One possible research aim could be to characterise regular languages *L* for which $\documentclass[12pt]{minimal}
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                \begin{document}$$\gamma (L)$$\end{document}$ is regular, or to describe some robust classes of languages with this property. Another problem posed in \[[@CR8]\] is to find some subclasses of regular languages that are geometrically closed. As we explain in Sect. [3](#Sec3){ref-type="sec"}, non-empty group languages have their geometrical closure equal to the universal language $\documentclass[12pt]{minimal}
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                \begin{document}$$\varSigma ^*$$\end{document}$. For this reason, it makes sense to look for more interesting geometrically closed subclasses among *star-free* languages, which are known to be "group-free". More precisely, a language *L* is *star-free* if and only if the syntactic monoid $\documentclass[12pt]{minimal}
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                \begin{document}$$M_L$$\end{document}$ of *L* is *aperiodic*, that is, if $\documentclass[12pt]{minimal}
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                \begin{document}$$M_L$$\end{document}$ does not contain non-trivial groups as subsemigroups.

It is well known that the star-free languages are classified into the *Straubing-Thérien hierarchy* based on polynomial and Boolean operations. In particular, the variety $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal {V}_1$$\end{document}$ (*i.e.*, the variety of languages of level 1) is formed by piecewise testable languages and the positive variety $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal {V}_{3/2}$$\end{document}$ is formed by polynomials built from languages of level 1. We refer to the survey paper by Pin \[[@CR12]\] for an introduction to the Straubing-Thérien hierarchy of star-free languages and the algebraic theory of regular languages in general. This theory is based on Eilenberg correspondence between varieties of regular languages and pseudovarieties of finite monoids. Note that one well-known instance of Eilenberg correspondence, which plays an essential role in our contribution, is given by the pseudovariety of finite *R*-trivial monoids, for which the corresponding variety of languages is denoted by $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal {R}$$\end{document}$. Nevertheless, we emphasise that our contribution is rather elementary, and it does not use sophisticated tools developed in the algebraic theory of regular languages.

It was proved by Dubernard, Guaiana, and Mignot \[[@CR8]\] that the class of all binary languages from the positive variety $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal {V}_{3/2}$$\end{document}$ is geometrically closed. They have obtained this result by decomposing the plane diagram of the figure of a given language into specific types of basic subdiagrams, and using this decomposition to construct a regular expression for the language $\documentclass[12pt]{minimal}
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                \begin{document}$$\gamma (L)$$\end{document}$.

We prove a generalisation of the above mentioned result in this contribution. Our approach is to concentrate on the form of languages that may arise as $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal {V}_{3/2}(\varSigma )$$\end{document}$. In other words, we do not construct a concrete regular expression for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\gamma (L)$$\end{document}$, but we determine what kind of expression exists for such a language. In particular, we introduce a new variety of languages $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal {R}_{LT}$$\end{document}$, which is a subvariety of the variety $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal {R}$$\end{document}$. Note that there is a transparent description of languages from $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal {R}$$\end{document}$ and also an effective characterisation via the so-called acyclic automata (both are recalled in Sect. [4](#Sec4){ref-type="sec"}). The variety of languages $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal {R}_{LT}$$\end{document}$ is then characterised in the same manner: a precise description by specific regular expressions and also an automata-based characterisation are given. The letters *LT* in the notation $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal {R}_{LT}$$\end{document}$ refer to a characteristic property of acyclic automata in which "loops are transferred" along paths.

We show that the geometrical closure of a language from the positive variety $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal {V}_{3/2}$$\end{document}$ always falls into the variety $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal {R}_{LT}$$\end{document}$. As a consequence, each class of regular languages lying between $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal {V}_{3/2}$$\end{document}$ is geometrically closed. In particular, the positive variety $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal {V}_{3/2}$$\end{document}$ is geometrically closed regardless of the alphabet, as well as is the variety $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal {R}$$\end{document}$.

Preliminaries {#Sec2}
=============

All automata considered in this paper are understood to be deterministic and finite. An *automaton* is thus a five-tuple $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal {A} = (Q,\varSigma ,\cdot ,\iota ,F)$$\end{document}$, where *Q* is a finite set of states, $\documentclass[12pt]{minimal}
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                \begin{document}$$\varSigma $$\end{document}$ is a non-empty finite alphabet, is a complete transition function, $\documentclass[12pt]{minimal}
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                \begin{document}$$\iota \in Q$$\end{document}$ is the unique initial state, and $\documentclass[12pt]{minimal}
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                \begin{document}$$F\subseteq Q$$\end{document}$ is the set of final states. The minimal automaton of a given language *L* is denoted by $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal {D}_L$$\end{document}$.

By a (positive) variety of languages, we always understand what is called a (positive) $\documentclass[12pt]{minimal}
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                \begin{document}$$*$$\end{document}$-variety in \[[@CR12]\]. We recall this notion for a reader's convenience briefly. A *class of languages* $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal C$$\end{document}$ is an operator, which determines, for each finite non-empty alphabet $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal {C}(\varSigma ^*)$$\end{document}$ of languages over $\documentclass[12pt]{minimal}
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                \begin{document}$$\varSigma $$\end{document}$. *A positive variety* is a class of regular languages $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal {V}(\varSigma ^*)$$\end{document}$ is closed under quotients, finite unions and intersections, and the whole class is closed under preimages in homomorphisms. A positive variety $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal V$$\end{document}$ is a *variety* if each $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal {V}(\varSigma ^*)$$\end{document}$ is closed under complementation. Note that an alphabet could be fixed in our contribution, so homomorphisms among different alphabets play no role, and we could consider lattices of languages \[[@CR9]\] instead of varieties of languages. However, we prefer to stay in the frame of the theory of (positive) varieties of languages as a primary aim of this paper is to describe robust classes closed under geometrical closure.

Given words *u*, *v* over an alphabet $\documentclass[12pt]{minimal}
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                \begin{document}$$u \le v$$\end{document}$ if *u* is a prefix of *v*. We also write, for each $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \mathrm{pref}^{\uparrow }(L)&:= \{u \in \varSigma ^* ~|~ \exists w \in L : u\le w\} = L \cdot (\varSigma ^*)^{-1}, \\ \mathrm{pref}^{\downarrow }(L)&:= \{w \in \varSigma ^* ~|~ \forall u \in \varSigma ^* : u \le w \implies u \in L\}. \end{aligned}$$\end{document}$$We call these languages the *prefix closure* and the *prefix reduction* of *L*, respectively. Both are prefix-closed, while $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathrm{pref}^{\downarrow }(L) \subseteq L$$\end{document}$.

Proposition 1 {#FPar1}
-------------
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                \begin{document}$$\mathcal {V}$$\end{document}$ is closed under the operator $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathrm{pref}^{\uparrow }$$\end{document}$.

Proof {#FPar2}
-----

It is well known that each regular language has finitely many right quotients by words. Thus, for each alphabet $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varSigma $$\end{document}$ and each $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \mathrm{pref}^{\uparrow }(L) = L \cdot (\varSigma ^*)^{-1} = \bigcup _{w \in \varSigma ^*} L w^{-1} \end{aligned}$$\end{document}$$is a finite union of right quotients of *L*, and its membership to $\documentclass[12pt]{minimal}
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                \begin{document}$$\varSigma = \{a_1,\ldots ,a_k\}$$\end{document}$ be a linearly ordered alphabet. The *Parikh vector* of a word *w* in $\documentclass[12pt]{minimal}
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                \begin{document}$$|w|_{a}$$\end{document}$ denotes the number of occurrences of the letter *a* in *w*. This notation extends naturally to languages: we write $\documentclass[12pt]{minimal}
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                \begin{document}$$L \subseteq \varSigma ^*$$\end{document}$. We denote by \[*w*\] the equivalence class of the kernel relation of $\documentclass[12pt]{minimal}
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                \begin{document}$$[w] = \{u \in \varSigma ^* ~|~ \varPsi (u) = \varPsi (w)\}$$\end{document}$. Then we also write, for each language $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned}{}[L] = \bigcup _{w \in L} [w] = \{u \in \varSigma ^* ~|~ \varPsi (u) \in \varPsi (L)\} \end{aligned}$$\end{document}$$and we call \[*L*\] the *commutative closure* of *L*. A language *L* such that $\documentclass[12pt]{minimal}
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                \begin{document}$$L = [L]$$\end{document}$ is called *commutative*. A class of languages $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal {C}$$\end{document}$ is said to be *closed under commutation* if for each alphabet $\documentclass[12pt]{minimal}
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In the previous paragraph we consider the mapping $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathbb N$$\end{document}$ is the set of all non-negative integers. Following the ideas of \[[@CR8]\], we introduce some technical notations concerning $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathbb {N}^k$$\end{document}$, whose elements are called vectors. We denote by $\documentclass[12pt]{minimal}
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Note that the class of all regular languages is *not* geometrically closed, as observed in \[[@CR8]\]. For instance, the language $\documentclass[12pt]{minimal}
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A Characterisation of the Geometrical Closure {#Sec3}
=============================================

We now characterise the operation of geometrical closure via three simpler operations: the prefix closure, the commutative closure, and the prefix reduction. This characterisation is a key to our later considerations.

Proposition 2 {#FPar3}
-------------
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Proof {#FPar4}
-----
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As a direct consequence of Propositions [1](#FPar1){ref-type="sec"} and [2](#FPar3){ref-type="sec"}, we obtain the following sufficient condition, under which a positive variety of languages is geometrically closed.

Corollary 3 {#FPar5}
-----------

Each positive variety of regular languages closed under prefix reduction and commutation is geometrically closed.
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Lemma 4 {#FPar6}
-------
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In the rest of the paper, we move our attention to star-free languages.

Languages Recognised by LT-acyclic Automata {#Sec4}
===========================================
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Lemma 5 {#FPar7}
-------

For a language *L* of the form ([1](#Equ1){ref-type=""}), the automaton $\documentclass[12pt]{minimal}
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Proof {#FPar8}
-----
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Fig. 1.An LT-acyclic automaton for the language of the form ([1](#Equ1){ref-type=""}).

Lemma 6 {#FPar9}
-------

Let *L*, *K* be languages over an alphabet $\documentclass[12pt]{minimal}
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Proof {#FPar10}
-----
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The previous two lemmas show that every language from $\documentclass[12pt]{minimal}
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Lemma 7 {#FPar11}
-------

Let *L* be a language recognised by an LT-acyclic automaton. Then the minimal automaton of *L* is also LT-acyclic.

Proof {#FPar12}
-----
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Let us also prove a converse to the statements established above.

Lemma 8 {#FPar13}
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The following theorem provides a summary of the previous lemmas.

Theorem 9 {#FPar15}
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Proof {#FPar16}
-----
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Theorem 10 {#FPar17}
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Proof {#FPar18}
-----
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Corollary 11 {#FPar19}
------------
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The Main Result {#Sec5}
===============

Let us now return to the geometrical closure and prove the main result of this paper: *each class of languages lying between the variety of languages* $\documentclass[12pt]{minimal}
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The route that we take to this result (Theorem [16](#FPar28){ref-type="sec"}) consists of three steps: We recall that the class $\documentclass[12pt]{minimal}
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Let us show that a commutative closure of a $\documentclass[12pt]{minimal}
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Lemma 12 {#FPar20}
--------
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Proof {#FPar21}
-----
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                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varPsi (w) = \varPsi (v)$$\end{document}$ for *v* in $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varSigma ^*$$\end{document}$ given by $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$v = v_0 a_1 v_1 a_2 \ldots a_n v_n$$\end{document}$, where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$v_i$$\end{document}$ ($\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$i = 0,\ldots ,n$$\end{document}$) is given as follows: if $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varSigma _i \setminus (\varSigma _0 \cup \ldots \cup \varSigma _{i-1}) = \{b_1,\ldots ,b_j\}$$\end{document}$, then$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} v_i = b_1^{|w|_{b_1} - |x|_{b_1}} \ldots b_j^{|w|_{b_j} - |x|_{b_j}}. \end{aligned}$$\end{document}$$The word *v* is in *L* by construction, hence *w* belongs to \[*L*\].

It remains to observe that the language \[*L*\] given by ([3](#Equ3){ref-type=""}) is piecewise testable. However, this language is equal to$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned}{}[L] = \bigcap _{a \in \varSigma '}(\varSigma ^* a)^{|x|_a} \varSigma ^* \cap \bigcap _{b \in \varSigma \setminus \varSigma '}\left( (\varSigma ^* b)^{|x|_b} \varSigma ^* \cap \left( (\varSigma ^* b)^{|x|_b + 1} \varSigma ^*\right) ^C \right) . \end{aligned}$$\end{document}$$The language on the right-hand side of ([4](#Equ4){ref-type=""}) is piecewise testable.    $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\square $$\end{document}$

We now proceed to prove that the geometrical closure of each language from $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal {V}_{3/2}$$\end{document}$ belongs to $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal {R}_{LT}$$\end{document}$.

Lemma 13 {#FPar22}
--------

Every commutative language *L* from $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal {V}_{3/2}$$\end{document}$ belongs to $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal {R}_{LT}$$\end{document}$.

Proof {#FPar23}
-----

If we take into account the proof of Lemma [12](#FPar20){ref-type="sec"} and the fact that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal {R}_{LT}$$\end{document}$ is closed under finite unions, it is enough to prove that every language of the form ([3](#Equ3){ref-type=""}) belongs to $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal {R}_{LT}$$\end{document}$. We may also use the expression ([4](#Equ4){ref-type=""}) for that language. For each letter $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$a\in \varSigma $$\end{document}$ and a natural number *m*, we may write $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(\varSigma ^*a)^m\varSigma ^*=((\varSigma \setminus \{a\})^*a)^m\varSigma ^*$$\end{document}$. This shows that the language $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(\varSigma ^*a)^m\varSigma ^*$$\end{document}$ belongs to $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal {R}_{LT}$$\end{document}$. Since $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal {R}_{LT}$$\end{document}$ is a variety, we see that also the language $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$((\varSigma ^*a)^m\varSigma ^*)^C$$\end{document}$ belongs to $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal {R}_{LT}$$\end{document}$. Altogether, the language ([4](#Equ4){ref-type=""}) belongs to the variety $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal {R}_{LT}$$\end{document}$.    $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\square $$\end{document}$

Finally, let us observe that the variety $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal {R}_{LT}$$\end{document}$ is closed under prefix reduction.

Lemma 14 {#FPar24}
--------

Let *L* be a language from $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal {R}_{LT}(\varSigma ^*)$$\end{document}$ for some alphabet $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varSigma $$\end{document}$. Then $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathrm{pref}^{\downarrow }(L)$$\end{document}$ belongs to $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal {R}_{LT}(\varSigma ^*)$$\end{document}$ as well.

Proof {#FPar25}
-----

Let *L* be recognised by some LT-acyclic automaton $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal {A} = (Q,\varSigma ,\cdot ,\iota ,F)$$\end{document}$. If $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\iota \not \in F$$\end{document}$, then *L* does not contain the empty word, and consequently $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathrm{pref}^{\downarrow }(L)=\emptyset $$\end{document}$, which belongs to $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal {R}_{LT}(\varSigma ^*)$$\end{document}$. So we may assume that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\iota \in F$$\end{document}$.

Now, simply saying, we claim that the language $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathrm{pref}^{\downarrow }(L)$$\end{document}$ is recognised by the automaton $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal {A}'$$\end{document}$ constructed from $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal {A}$$\end{document}$ by replacing all non-final states with a single absorbing non-final state $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\tau $$\end{document}$. More precisely, we construct an automaton $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal {A}' = (F \cup \{\tau \},\varSigma ,\bullet ,\iota ,F)$$\end{document}$, where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\tau $$\end{document}$ is a new state, for which we define $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\tau \bullet a = \tau $$\end{document}$ for each $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$a\in \varSigma $$\end{document}$. Furthermore, for each $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$p\in F$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$a \in \varSigma $$\end{document}$, we put $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$p \bullet a = p \cdot a$$\end{document}$ if $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$p \cdot a\in F$$\end{document}$, and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$p \bullet a = \tau $$\end{document}$ otherwise. As $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal {A}$$\end{document}$ contains no cycle other than a loop, the constructed automaton $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal {A}'$$\end{document}$ has the same property. Moreover, any state of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal {A}'$$\end{document}$ reachable in $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal {A}'$$\end{document}$ from some *p* in $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$F \cup \{\tau \}$$\end{document}$ is either reachable from *p* in $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal {A}$$\end{document}$, or equal to $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\tau $$\end{document}$. As $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\tau \bullet c = \tau $$\end{document}$ for each *c* in $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varSigma $$\end{document}$, this implies that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal {A}'$$\end{document}$ is an LT-acyclic automaton and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathrm{pref}^{\downarrow }(L)$$\end{document}$ belongs to $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal {R}_{LT}(\varSigma ^*)$$\end{document}$ by Theorem [9](#FPar15){ref-type="sec"}.    $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
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                \usepackage{amsbsy}
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                \usepackage{upgreek}
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Theorem 15 {#FPar26}
----------

Let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varSigma $$\end{document}$ be an alphabet and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$L\in \mathcal {V}_{3/2}(\varSigma ^*)$$\end{document}$. Then $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\gamma (L)\in \mathcal {R}_{LT}(\varSigma ^*)$$\end{document}$.

Proof {#FPar27}
-----

We have $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\gamma (L) = \mathrm{pref}^{\downarrow }([\mathrm{pref}^{\uparrow }(L)])$$\end{document}$ by Proposition [2](#FPar3){ref-type="sec"}. As $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal {V}_{3/2}$$\end{document}$ is a positive variety of languages, $\documentclass[12pt]{minimal}
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                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathrm{pref}^{\uparrow }(L)$$\end{document}$ belongs to $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal {V}_{3/2}(\varSigma ^*)$$\end{document}$ whenever *L* belongs to this set by Proposition [1](#FPar1){ref-type="sec"}. The language $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$[\mathrm{pref}^{\uparrow }(L)]$$\end{document}$ is thus a commutative $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal {V}_{3/2}$$\end{document}$-language by \[[@CR5], [@CR10]\]. (Note that the language $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$[\mathrm{pref}^{\uparrow }(L)]$$\end{document}$ is actually commutative piecewise testable, by Lemma [12](#FPar20){ref-type="sec"}.) It follows by Lemma [13](#FPar22){ref-type="sec"} that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$[\mathrm{pref}^{\uparrow }(L)]$$\end{document}$ belongs to $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal {R}_{LT}(\varSigma ^*)$$\end{document}$, and by Lemma [14](#FPar24){ref-type="sec"} that the language $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\gamma (L) = \mathrm{pref}^{\downarrow }([\mathrm{pref}^{\uparrow }(L)])$$\end{document}$ belongs to $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal {R}_{LT}(\varSigma ^*)$$\end{document}$ as well.    $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\square $$\end{document}$

We are now prepared to state the main result of this article merely as an alternative formulation of the theorem above.

Theorem 16 {#FPar28}
----------

Let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal {C}$$\end{document}$ be a class of languages containing $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal {R}_{LT}$$\end{document}$, which is contained in $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal {V}_{3/2}$$\end{document}$. Then $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal {C}$$\end{document}$ is geometrically closed.

There are many important (positive) varieties studied in the literature for which the main result can be applied.

Corollary 17 {#FPar29}
------------

The following classes are geometrically closed: the positive variety $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal {V}_{3/2}$$\end{document}$, the variety $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
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There are some interesting questions in connection to the paper. First of all, one may ask how to effectively construct a regular expression for the geometrical closure $\documentclass[12pt]{minimal}
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Nevertheless, the main open question related to the topic is to clarify the behaviour of the geometrical closure outside the class $\documentclass[12pt]{minimal}
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